Abstract. We show that principal bundles for a semisimple group on an arbitrary affine curve over an algebraically closed field are trivial, provided the order of π1 of the group is invertible in the ground field, or if the curve has semi-normal singularities. Several consequences and extensions of this result (and method) are given. As an application, we realize conformal blocks bundles on moduli stacks of stable curves as push forwards of line bundles on (relative) moduli stacks of principal bundles on the universal curve.
Introduction
It is a consequence of a theorem of Harder [Har67, Satz 3 .3] that generically trivial principal G-bundles on a smooth affine curve C over an arbitrary field k are trivial if G is a semisimple and simply connected algebraic group. When k is algebraically closed and G reductive, generic triviality, conjectured by Serre, was proved by Steinberg [Ste65] and Borel-Springer [BS68] .
It follows that principal bundles for simply connected semisimple groups over smooth affine curves over algebraically closed fields are trivial. This fact (and a generalization to families of bundles [DS95] ) plays an important role in the geometric realization of conformal blocks for smooth curves as global sections of line bundles on moduli-stacks of principal bundles on the curves (see the review [Sor96] and the references therein).
An earlier result of Serre [Ser58, Théorème 1] (also see [Ati57, Theorem 2]) implies that this triviality property is true if G " SLprq, and C is a possibly singular affine curve over an arbitrary field k. In [BG] it was shown by a versal deformation argument that if X is a reduced projective curve with at worst nodal singularities over C with p 1 , . . . , p n in the smooth locus of X so that Op ř p i q is ample, there exists a dense open substack of the moduli of G-bundles on X such that any E in this open substack restricts to a trivial bundle on Xztp 1 , . . . , p n u.
The results of this paper show that the triviality properties of principal bundles on arbitrary singular curves (in particular, degenerating families of smooth curves) are very similar to those on smooth curves. They allow us to realize conformal blocks on moduli stacks of stable curves M g,n as push forwards of line bundles on (relative) moduli stacks of principal bundles on the universal curve (Theorem 1.7).
Alternate compactifications of M g,n have been considered recently (cf. Hassett-Keel program [FS13] ); triviality statements for G bundles over arbitrary affine curves could potentially be useful in a geometric theory of conformal blocks over such spaces. Theorem 1.1. Let C be an arbitrary (possibly non-reduced, reducible or disconnected) affine curve over an algebraically closed field k. If G is a semisimple algebraic group over k such that |π 1 pGq| is invertible in k, then any principal G-bundle E on C is trivial, i.e., there is a section s : C Ñ E.
The main idea is, assuming C to be reduced, to produce a section over the normalization of C (using [Har67] ), which on the inverse image of a (suitable) infinitesimal neighborhood C m of the singular locus of C, agrees with the pull back of a section of E over C m . Such sections are shown to descend to C.
The conditions for triviality in Theorem 1.1 are necessary and sufficient for arbitrary singularities, but for semi-normal curves a stronger result holds, see Section 3.3. Theorem 1.2. Let C be an arbitrary separated curve over an algebraically closed field k, and E a principal G-bundle on C for a connected reductive group G over k.
(a) Let Z be a finite subset of C. Then, there exists a Zariski open subset U of C containing Z such that E is trivial on U . (b) The structure group of E can be reduced to B, where B is a Borel subgroup of G.
Note that Theorem 1.2 in the case of generically reduced C follows easily from Theorem 1.1 if the order of π 1 of the semisimple quotient of G is invertible in k, but there are no conditions on the characteristic of k, or on C in Theorem 1.2.
A result of Bia lynicki-Birula [BB70, Theorem 1] implies that if C is irreducible, then any E as in Theorem 1.2 is Zariski locally trivial. However, Zariski local triviality does not seem to imply existence of B-structures (i.e., that the structure group of E can be reduced to B) if the curve has more than one singular point.
We also prove families versions of Theorems 1.1 and 1.2 which allow for families of non-constant curves. Using Theorem 1.2, (b) as an input, these follow, very closely, arguments of Drinfeld and Simpson [DS95] for similar results for families of smooth curves:
Let S be an arbitrary scheme over SpecpZq and let f : X Ñ S be a proper, flat and finitely presented curve over S. Let G be a split 1 reductive group scheme over SpecpZq (base changed to S), and B a Borel subgroup of G. Theorem 1.3. Let E be a principal G-bundle on X with G connected and reductive. Then, after a surjectiveétale base change, S 1 Ñ S, the structure group of E can be reduced to B (and hence E becomes Zariski locally trivial).
Let D Ă X be a relatively ample effective Cartier divisor which is flat over S, and let U " XzD.
Theorem 1.4. Let E be a principal G-bundle on X with G semisimple and simply connected. Then, after a surjectiveétale base change S 1 Ñ S, E is trivial on U S 1 .
For G " SLpnq, Zariski localization is sufficient in Theorem 1.4 in many cases, see Remark 3.3. If G is not simply connected, we need further hypotheses, having to do with existence of relative Picard schemes, reductions to Pic 0 , and the nature of Pic 0 of fibers while generalizing arguments in [DS95] .
Theorem 1.5. Let f : X Ñ S be a proper, flat and finitely presented curve, with f cohomologically flat in dimension zero (see [BLR90, p. 259] ), D Ă X a relatively ample and flat (over S) effective Cartier divisor, and E a principal G-bundle on X. Assume that (A)Étale locally on S, D Ă X is, set theoretically a union of sections (possibly not disjoint) of f , (B) The morphism f is smooth in a neighborhood of D, (C) G is semisimple, with |π 1 pGq| invertible in O S . Then, after a surjectiveétale base change S 1 Ñ S, E is trivial on U S 1 , where U " XzD.
Note that the cohomological flatness condition on f holds if it has reduced geometric fibers. We discuss a variant of this theorem in Section 3.3.
The methods used in Theorem 1.1 can be used in the study of questions related to the GrothendieckSerre conjecture: Theorem 1.6. Let X be a reduced surface over an algebraically closed field whose normalization is smooth. Let G be a connected reductive group and E a principal G-bundle on X which is generically trivial. Then E is locally trivial in the Zariski topology.
Note that there exist examples of principal bundles over normal surfaces which are generically trivial but not locally trivial, see Section 4.1. Over non-algebraically closed fields there exist such bundles even over (singular) curves [AG60] .
In Section 5, we prove the following: The irreducibility of the moduli stack of G-bundles on a singular projective curve when G is semisimple and simply connected (Proposition 5.1), an extension of the uniformization theorem for G-bundles [BL94, BL95, LS97, DS95] for singular curves (Proposition 5.2), and the integrality of the space of maps from a reduced affine curve to G when the base field is C and the group G is semisimple and simply connected (Proposition 5.3). The proof of Proposition 5.3 uses Theorem 1.4, and follows closely a proof of a similar result of Laszlo and Sorger [LS97] . A new group theoretic input here is work on subgroups of split simply connected semisimple groups generated by elementary matrices [IM65, Ste73] over semilocal rings.
Recall that associated to a simple Lie algebra g over k " C, and dominant integral weights λ 1 , . . . , λ n at a level ℓ (see Section 6.1), the theory of conformal blocks produces vector bundles of conformal blocks V g,λ,ℓ on the moduli stacks of stable n-pointed curves M g,n . Work in the 90's due to several authors [BL94, Fal94, KNR94] led to a realization of the duals of fibers of V g,λ,ℓ over M g,n as global sections of line bundles over suitable moduli spaces and stacks. Using Theorem 1.4, and the work of Beauville, Laszlo and Sorger (see the reviews [Sor96, Sor00]), we extend the stack theoretic realization of conformal blocks to all of M g,n : Let G be a simple, simply connected, complex algebraic group with Lie algebra g. In Section 6, we consider a relative smooth Artin stack of parabolic bundles
construct a line bundle L on Parbun G,g,n , and obtain: Theorem 1.7. There is a canonical isomorphism π˚L " Ñ Vg ,λ,ℓ .
Such isomorphisms are produced for any family of stable n-pointed curves. A proof of the above statement for a fixed singular stable pointed curve also appears in [BG] (which uses a different method).
For classical groups (and even levels in the case of Spin groups), the line bundle L can be constructed explicitly in terms of determinant of cohomology (see Theorem 6.9). Finally, Picard groups of moduli stacks of parabolic bundles on (arbitarily) singular projective curves are computed in Section 7.
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2. Proof of Theorems 1.1 and 1.2
We will first prove Theorem 1.1 under the assumption that C is reduced. Let π : r C Ñ C be its normalization, let G be a semisimple algebraic group, and E a principal G-bundle on C. We assume that |π 1 pGq| is invertible in k.
Let R Ă C be a finite reduced subscheme such that π is an isomorphism over CzR. Let C m be the mth infinitesimal neighborhood of R in C, m ě 0. Let r C m " π´1pC m q.
Lemma 2.1. There exists m ě 0 with the following property:
and is hence annihilated by a power I m of the ideal
by A{I m , to get the right exact sequence
which implies the desired assertion.
Fix m as in Lemma 2.1. Suppose E is a principal G-bundle on C. Let r E be the pull back G-bundle on r C.
Lemma 2.2. Any section s m of r E over r C m extends to a section of r E over r C.
Since r E is trivial as a G-bundle by [Har67] (see Remark 2.4), we only need to show that any γ m : r C m Ñ G extends to a map γ : r C Ñ G, which is Lemma 2.5 below.
Lemma 2.3. Suppose a section s of r E on r C when restricted to r C m is the pull back of a section of E on C m . Then s is the pull back of a section of E on C.
Proof. Composing by the natural map r E Ñ E, we have a map s 1 : r C Ñ E which when restricted to r C m is a composition r
This assertion is local on E (we may find an affine open subset of E which contains the image of r C m ). Arguing coordinate by coordinate using Lemma 2.1, we see that s 1 descends to a map C Ñ E, since the restrictions to r C m come from functions on C m (and any relation between coordinate functions which holds on r C holds on C as well since functions on C embed into functions on r C) .
We can now finish the proof of Theorem 1.1: First assume C is reduced.
There is a section of E over the reduced scheme R (since this consists of finitely many points, and k is algebraically closed). Since E Ñ C is smooth and C m Ą R is a nilpotent extension of R, there exists a section C m Ñ E over C m extending this section. Let s m be the induced section of r E over r C m . We extend s m to a section s of r E over r C using Lemma 2.2. By Lemma 2.3 this section descends to C. Therefore E has a section over E and is hence trivial.
If C is not reduced let C red Ď C be the reduced subscheme. We have a lift C red Ñ E of C red Ñ C. Since E Ñ C is smooth, C is affine, and C red Ď C is given by a nilpotent ideal, we can lift C red Ñ E to a section C Ñ E.
Remark 2.4. Harder [Har67] assumes that G is simply connected and therefore any principal G-bundle on a smooth affine curve (over an algebraically closed field) is trivial if G is semisimple and simply connected.
If G is not simply connected, but still semisimple, let r G be the simply connected cover of G. If |π 1 pGq| is invertible in k, τ : r G Ñ G isétale with finite kernel, and the map H 1 et pC, r Gq Ñ H 1 et pC, Gq is surjective (since H 2 et pC, kerpτ" 0). Therefore any principal G-bundle on C comes from a principal r G-bundle, and hence is trivial on C (this reasoning is contained in [Har67, Satz 3.3]).
Lemma 2.5. Suppose |π 1 pGq| is invertible in k. Any morphism γ m : r C m Ñ G extends to a morphism γ : r C Ñ G .
Proof. Let r G be the simply connected form of G. Since |π 1 pGq| is invertible in k, r G Ñ G isétale. Thus, since k is algebraically closed, by Lemma 2.6 (applied to r G, and to the residue fields of all points in r C m , to get a morphism of k-schemes p r C m q red Ñ V , further liftings of p r C m q Ñ V are constructed out of smoothness of V Ñ G) and the infinitesimal lifting property for smooth morphisms, there exists a morphism τ : A n k Ñ G so that γ m lifts to a morphism γ 1 m : r C m Ñ A n k . By Lemma 2.7 below, we can extend γ 1 m to a map γ 1 : r C Ñ A n k . The desired γ is then τ˝γ 1 . Lemma 2.6. Let k be an arbitrary field and G a simply connected, semisimple and split group over k. There exist a morphism η : A n k Ñ G and an open subset V Ă A n k such that η| V is smooth and for any extension K of k the map V pKq Ñ GpKq induced by η is surjective.
Proof. Choose a collection of 1-parameter unipotent subgroups U i " Ñ G a Ď r G, i " 1, . . . , s, whose tangent spaces at the origin span 2 the Lie algebra of r G. Consider the multiplication map
By construction, η is surjective on tangent spaces at the identity e of U . Since G is simply connected, it is well known (see, e.g. [Ste68] ) that there exists U 1 , a product of 1-parameter unipotent groups as above, and η 1 : U 1 Ñ G so that the induced map U 1 pKq Ñ GpKq is surjective for all K{k. Then UˆU 1 " Ñ A n k for some t and the map UˆU 1 Ñ G given by η¨η 1 has the desired properties: if η 1 pxq " y for x P U 1 pKq then ηpeqη 1 pxq " y and η¨η 1 is smooth at pe, xq.
Lemma 2.7. Let T Ď X be a closed subscheme of an affine scheme X over an arbitrary field k, and f : T Ñ A n k a morphism. Then f extends to a morphism X Ñ A n k . Proof. Write T as the spectrum of A{I with I an ideal of A " H 0 pX, O X q. The function f corresponds to an n-tuple pf 1 , . . . , f n q of elements of A{I, which can be lifted to an n-tuple of elements in A.
Remark 2.8. If k is a finite field or the function field of a curve over an algebraically closed field (or, presumably, any C 1 -field), then any principal G-bundle on a curve over k is generically trivial if G is simply connected, semisimple and split [Har75, dJHS11] . Since Lemma 2.6 holds over an arbitrary field and principal G-bundles over Specpkq, k as above, are also trivial, the above proof of Theorem 1.1 also shows that principal G-bundles on affine curves over such fields are trivial if G is simply connected, semisimple and split.
2.1. Proof of Theorem 1.2. Since B-bundles are trivial in suitable Zariski neighbourhoods of any given finite subset, (a) follows from (b). Note that it suffices to prove (a) when C is reduced (trivializations on U red extend to U when U is affine).
2.1.1. For (b) we start with the case when C is affine: We need to produce a section of E{B over C. We do this by replacing E by E{B and G by G{B throughout in the proof of Theorem 1.1. Here we note that any G-bundle on r C has a B-structure, and there is a B-structure on E restricted to any C m (since E{B is smooth over C). We would need to prove that (the analogue of Lemma 2.5) that any function f : r C m Ñ G{B extends to a function r C Ñ G{B. This is easy because G{B is covered by affine spaces (i.e., of the form A m k ): We can use the group G to move the image off into an affine space and then apply Lemma 2.7.
2.1.2. Clearly the case of affine C implies (b) for all reduced C (actually, all generically reduced C), because we can find an open affine subset of our curve which contains all singularities, and a B-reduction of E on this open set, and then extend using the valuative criterion for properness.
2.1.3. For the general case of (b) (C possibly not generically reduced), since we know E is generically trivial, we may extend E to a compactification of C. Therefore assume C is projective. By the case of reduced curves already considered above, we know that E has a B reduction on Z " C red . We now use methods from [DS95] .
Definition 2.9. Letᾱ : B Ñ G m be the morphism associated to a positive root α of G. If E B is a principal B-bundle on C, let E α be the line bundle on C induced byᾱ.
Choose using Lemma 2.11, a B-reduction of E on Z such that for every positive root α, E α has sufficiently large degrees (to be made clear below) on irreducible components of Z. We consider the problem of lifting this B-reduction through nilpotent thickenings with square zero:
‚ Let Z " C red Ă C 1 Ă C 2 Ă C be nilpotent thickenings such that the ideal I of C 1 in C 2 has square zero. ‚ Also assume that we have lifted our B-reduction on E over Z to a B-reduction σ 1 : C 1 Ñ E{B over C 1 . Let i 1 : C 1 Ñ C the inclusion and Θ the relative tangent bundle of E{B over C. The obstruction for lifting the reduction σ 1 further to C 2 lies in H 1 pC 1 , σ1 Θ b Iq. Since we can filter σ1 Θ by line bundles i1 E α , we are reduced to showing that H 1 pC 1 , i1 E α b Iq " 0 for all positive roots α. This is true because of the following (applied to X " C 1 ), and therefore we can extend the B-reduction all the way to C, as desired:
Lemma 2.10. Let F be a coherent sheaf on a projective curve X over an algebraically closed field. There is a positive integer N " N pFq, such that if Z " X red , Z " YZ i with irreducible components Z i , and L is a line bundle on X, then
Proof. Let J be the ideal of Z in X. We may filter F by sheaves J s F{J s`1 F, and may hence assume that F is a coherent sheaf on Z. Therefore we reduce to the case X is reduced, which is standard.
Lemma 2.11. Let E be a principal G bundle on a reduced projective curve Y over an algebraically closed field. Assume that E has a B-reduction. Then, E has a B reduction such that for every positive root α the degree of the corresponding E α on each irreducible component of Y is at least N .
Proof. Each step in the proof of [DS95, Proposition 3] generalizes:
(1) By Theorem 1.2 (a) in case of C reduced, we can find an open affine U Ă Y that contain all singular points of C such that E is trivial on U . We may now replace E by any other E 1 which agrees with E on U (i.e., is trivial on U ) provided we change N to a suitable N 1 (there is a bijection between B-reductions of E and E 1 with bounded differences of degrees of E α and E 1 α ). (2) We can therefore assume that E is trivial. (3) Choose a finite morphism Y Ñ P 1 . (4) We are now reduced to the case of Y " P 1 , which is the same as in [DS95] .
In fact we have shown, Proposition 2.12. Let C be a projective curve over k, and E a principal G-bundle. Then E has a B-reduction σ : C Ñ E{B such that H 1 pC, σ˚Θq " 0 where Θ is the relative tangent bundle of E{B over C.
Proof. By Lemma 2.10, it would suffice if E α have sufficiently large degrees on irreducible components of C red . This follows from Lemma 2.11 and the construction above which extends a B-reduction on C red with sufficiently large degrees on irreducible components to one on C.
3. Proofs of Theorems 1.3, 1.4 and 1.5
In these proofs we follow [DS95] : Using Theorem 1.2(b) as a basic input, the arguments of [DS95] carry over with obvious modifications.
3.1. Proof of Theorem 1.3. Let F be the moduli functor of unobstructed B-reductions of E: For a scheme T over S, F pT q is the space of B reductions of EˆS T over XˆS T such that for all t P T ,
where Θ is the relative tangent bundle of E{B over X, and σ : X t Ñ X. It follows from the theory of Hilbert schemes and deformation theory that F is representable by a scheme φ : M Ñ S, with φ smooth. To prove Theorem 1.3, it suffices to show that any s P S is in φpM q. This is because, by the smoothness of φ, for any s P φpM q we can find anétale neighbourhood S 1 Ñ S of s such that there is a section S 1 Ñ M (over S).
To see that s P φpM q we may base change to the algebraic closure k of kpsq. By Theorem1.2 (b), and Proposition 2.12, there is a B-reduction on X sˆkpsq k with the desired vanishing property (3.1).
3.2. Proof of Theorem 1.4 and 1.5. We will prove 1.5 following the proof of [DS95, Theorem 3]. The proof of Theorem 1.4 is similar, except that we do not need the "reduction to simply connected G" part. In the following proof S is always assumed to be affine, and hence U is also affine.
By Theorem 1.3, we find a B reduction of E after passing to anétale cover. Since U is affine, the structure group of a B-bundle can be reduced to a maximal torus H: in fact if E is a B-bundle on X, E H the corresponding H-bundle, then E and the B-bundle induced from H via H Ñ B are isomorphic over U . Therefore we can assume that our principal bundle E on X comes from an H-bundle. The final step is then to show that any H-bundle on X becomes trivial on U after extension of structure group to G (andétale base change).
3.2.1. Reduction to the case of simply connected G. The arguments in [DS95, Section 6, second paragraph] for passage from G to its simply connected cover r G can be broken up into two parts. The first is reduction to Pic 0 . For this we note that cohomological flatness in dimension 0 implies, by a theorem of M. Artin, that Pic X{S exists as an algebraic space over S, [Art69, Theorem 7 .3], [BLR90, Theorem 1, p. 223]; since any algebraic space has anétale covering by a scheme, this does not create any extra difficulty. The main idea in the reduction is then to modify an H-bundle on X, keeping it unchanged over U , such that for every τ P A " HompH, G m q the induced line bundle is in Pic 0 of each fiber. Assumptions (A) and (B) in Theorem 1.5 allow us to make such a modification. This is because they imply that given any line bundle L on X we may, after anétale base change, find a Cartier divisor D 1 on X, with support contained in the support of D, so that LpD 1 q has degree 0 on each irreducible component of each fiber.
The second part concerns the natural homomorphism T : Homp r A, Pic 0 q Ñ HompA, Pic 0 q, where r A " Homp r H, G m q ( r H is the maximal torus of r G over H). Since A is a subgroup of r A of index |π 1 pGq|, T is a morphism of group schemes over S which, if the arithmetic genus of the fibres is positive, isétale iff |π 1 pGq| is invertible in O S . Now given a G-bundle E on X, using Theorem 1.4 we may assume that it comes from a B-bundle F . On U , E is isomorphic to the bundle induced from F via the maps B Ñ H Ñ G, so we may assume that E is induced from an H-bundle E 1 , and we obtain a section of HompA, Pic 0 q over S. Form the fibre product S 1 of S and Homp r A, Pic 0 q over HompA, Pic 0 q. Clearly S 1 Ñ S isétale and surjective, and the pull back of E 1 to XˆS S 1 can be lifted to a r H-bundle locally with respect to the Zariski topology of S 1 . We may therefore assume that E is induced from a r G-bundle, and comes from a r H-bundle. 3.2.2. The case of simply connected G. Assume now that G is simply connected and that E comes from an H-bundle. Since G is simply connected, HompG m , Hq is freely generated by simple coroots. Therefore we are reduced to checking that if H-bundles E 1 and E 2 differ by the image of some G m -bundle via a corootα : G m Ñ H, then the G-bundles corresponding to E 1 and E 2 are isomorphic on U S , after Zariski localization in S.
Let L Ď G be the subgroup generated by H and rpSLp2qq where r : SLp2q Ñ G corresponds toα. It is known that L " SLp2qˆT or L " GLp2qˆT 1 where T and T 1 are tori. It is easy to see that E 1 and E 2 both come from L-bundles. If D 1 (resp. D 1 ) denotes the maximal torus of SLp2q (resp. GLp2q), we may assume that E 1 and E 2 come from DˆT -bundles (resp. D 1ˆT 1 -bundles), differing by a G m -bundle via
This reduces the assertion to the following: Let f : X Ñ S be a proper, flat and finitely presented curve over S, and D Ă X a relatively ample effective Cartier divisor which is flat over S. Suppose E 1 and E 2 are either: (Case 1) Principal G " SLp2q-bundles on X, or, (Case 2) Principal G " GLp2q-bundles on X with the same determinant. Then, Proposition 3.2. E 1 and E 2 are isomorphic as G-bundles on U , after a surjectiveétale base change of S. Furthermore if S is the spectrum of a separably closed field, E 1 and E 2 are in the same connected component of the moduli stack of G-bundles on X.
Proof. Let s P S, we will show that in anétale neighborhood of s, we have for sufficiently large n exact sequences i " 1, 2,
Because of our assumptions Q 1 and Q 2 are isomorphic and are trivial on U in case (1). Since OpDq is relatively ample, the exact sequence (3.2) splits over U , with Q i " det E i . The desired conclusions follow: for the deformation we use the Ext-space Ext 1 pQ i , Oq. We may assume that the residue field of S at s is infinite (in fact separably closed). We produce such exact sequences by finding nowhere vanishing global sections α i P H 0 pX s , E i pnDqq, where H 1 pX s , E i pnDqq " 0. We choose n sufficiently large so that H 1 pX s , E i pnDqq " 0 and E i pnDq are globally generated on X s , i " 1, 2. Then the usual Serre argument works: The subset of H 0 pX s , E i pnDqq formed by sections that vanish at a point q has codimension rk E " 2. Taking the union over all q P X s , the set of "bad sections" lies on a codimension one subvariety of the vector space H 0 pX s , E i pnDqq. Remark 3.3. As we explain below, Zariski localization is sufficient in Theorem 1.4 for G " SLpnq, and in Proposition 3.2 in each of the following two cases (a) The residue fields of S are infinite, and (b) X Ñ S is smooth in a neighbourhood of D.
In case (a) the modification of Proposition 3.2 follows by the same method, and for Theorem 1.4, the method of [Ati57, Theorem 2] and [BL94, Lemma 3.5] applies without changes. Here we use the fact that the complement of any hyperpersurface in A m k has k-rational points when k is infinite, so that dimension counting arguments apply.
In case (b), fix a point s P S. To get the modification of Theorem (1.4), we find everywhere linearly independent sections α 1 , α 2 of E on X s´Ds by [Ser58, Théorème 1]. Here E is a vector bundle on X with trivialized determinant. A linear combination α 1`f α 2 (f a function on U s ) can be found with sufficiently high orders of poles at all points of D s , and we obtain a subbundle O Ď E s pnD s q with n sufficiently large. This can be deformed to a Zariski neighborhood of s.
In Proposition 3.2, write (again using [Ser58, Théorème 1]) E i restricted to U s " X s´Ds as Oα 
3.3.
Refinements of Theorems 1.1 and 1.5. In Theorem 1.4, we can replace condition (C) by (C'): Pic 0 of geometric fibers are semi-abelian, and draw the weaker conclusion that after a faithfully flat base change S 1 Ñ S with S 1 locally of finite presentation over S, E is trivial on U S 1 , where U " XzD (see Remark 3.1). This generalizes the flat base change part of [DS95, Theorem 3] and also shows that Theorem 1.1 holds for semi-normal curves without any condition on |π 1 pGq|.
Note that Pic 0 of a projective curve being semi-abelian is equivalent to the curve having geometrically semi-normal singularities [BLR90, Chapter 9.2]; in particular, as is well known, this condition holds for semistable curves. Now let C be a (generically reduced) affine curve over an algebraically closed field k of characteristic p ą 0 with a compactification C (which is smooth at the boundary) and such that Pic 0 pCq is not semiabelian. We will show that if G is a semisimple group such that p |π 1 pGq| then there exist non-trivial G-bundles on C.
Let r G be the simply connected cover of G and let r H be the inverse image in r G of a maximal torus H of G. Then K " kerp r H Ñ Hq " kerp r G Ñ Gq is a finite multiplicative group scheme of order divisible by p. H and r H are tori of the same dimension, say r, so H 1 pC, Hq and H 1 pC, r Hq are both isomorphic to PicpCq r . Since we have assumed that p |π 1 pGq| and Pic 0 pCq is not semi-abelian, so contains G a as a subgroup, the map
is not surjective and in fact has an infinitely generated cokernel (since this holds for the multiplication by p map on Pic 0 pCq). Since C is smooth at the boundary points, the surjective map PicpCq Ñ PicpCq has finitely generated kernel. It follows that the image of the second map in the exact sequence
is not finitely generated. If E H is any H-bundle on C which which does not lift to an r H-bundle, it follows that the induced G-bundle E has a non-zero class in H 2 f l pC, Kq; in particular, it is not trivial.
Proof of Theorem 1.6
We will prove the following (stronger) statement: Let X be an algebraic variety (of arbitrary dimension) over an algebraically closed field, and E a principal G-bundle on X where G is a connected reductive group. Let π : r X Ñ X be the normalization. Assume that (a) r X is smooth. (b) E is generically trivial. (c) Let R Ă X be a reduced subscheme such that π is an isomorphism over U " XzR. Assume that E restricted to R is Zariski locally trivial (e.g., if dim R ď 1 (by Theorem 1.2)). Then, Theorem 4.1. E is Zariski locally trivial.
By work on the Grothendieck-Serre conjecture [PSV15] 
. This is because by assumption there is a section of E{B over R (after Zariski localization), and can be extended to infinitesimal neighborhoods of R. This section can be pulled up to r X m . ‚ For m sufficiently large, a section s of r E{B over r X descends to a section of E{B over X if the restriction of s to r X m is a pull back of a section of E{B over X m (the same proof as for Lemma 2.5).
4.1. An example. We give examples of normal surfaces X over any algebraically closed field k on which there exist P GLpmq-bundles which are generically trivial but not Zariski locally trivial.
We begin with some preliminary remarks: Firstly, to prove the existence of P GLpmq-bundles as above (with m not specified) it suffices to construct elements of the Brauer group BrpXq which are generically trivial but not locally trivial. (That such examples should exist has been suggested by Grothendieck [Gro68, page 75], but we do not know a reference where this has been made explicit.) Furthermore, a theorem of Gabber (unpublished, also see [dJ] ) implies that for any quasi-projective 3 variety X, the Brauer group is equal to the torsion in H 2 et pX, G m q, so if the characteristic p of k does not divide n, the Kummer sequence shows that it suffices to find elements of H 2 et pX, µ n q which are generically trivial but not locally trivial. We give an example where such elements exist for any such n ą 1.
Let E Ă P 2 k be an elliptic curve and let p 1 , p 2 , . . . , p 10 be distinct points on E. Let X 1 be the blow up of P 2 k at these points and let E 1 be the strict transform of E. We have pE 1 q 2 "´1 and if there exists an ample line bundle L on X 1 and a positive integer a such that L| E 1 -Op´aE 1 q| E 1 then it is well known (and easy to see) that there exists a morphism π : X 1 Ñ X, where X is a normal projective surface, which contracts E 1 and is an isomorphism onto its image when restricted to X 1 zE 1 . To ensure this it suffices, for example, to have positive integers a 1 , b 1 such that O X 1 pa 1 Hq| E 1 " O E 1 pbpp 1`p2`¨¨¨`p10in PicpEq, where H is the pullback of the class of a line in P 2 .
We now use the Leray spectral sequence for the map π and cohomology with µ n coefficients. By proper base change, R 1 π˚µ n is a skyscraper sheaf with stalk pZ{nq 2 supported on the singular point p " πpE 1 q of X. Since X 1 is simply connected H 1 et pX, µ n q " 0, so the differential d 2 of the spectral sequence gives an embedding of H 0 pX, R 1 π˚µ n q into H 2 et pX, µ n q; denote this subgroup by A. It is clear that A maps to 0 in H 2 pXztpu, µ n q as well as in H 2 et pX 1 , µ n q. However, we shall show that for all but finitely many n it injects into H 2 et pU, µ n q, where U is any Zariski open neighbourhood of p. Let α be any element of A. If α dies in U , the Gysin sequence shows α must be the cohomology class of a divisor D supported in XzU . Let U 1 " π´1pU q; we may view D as a divisor on X 1 since XzU is identified naturally with X 1 zU 1 . Since X 1 is a smooth projective rational surface, H 2 pX 1 , Z{nq " PicpX 1 q{n PicpX 1 q, so it follows that D must be divisible by n in PicpX 1 q. The map π˚: PicpXq Ñ PicpX 1 q is an injection and the cokernel is a finitely generated abelian group. If n is coprime to the order of the torsion part of the cokernel, then D must be divisible by n in PicpXq, so α must be 0.
By choosing the p i suitably, one can arrange that the cokernel is torsion free. For example, if k is not F p , one can choose p 1 , p 2 , . . . , p 9 arbitrarily so that H| E , p 1 , . . . , p 9 are independent in PicpEq and then choose p 10 to satisfy the equation 10H| E " 3pp 1`p2`¨¨¨`p10 q in PicpEq. In general, one has PicpXq " KerpPicpX 1 q Ñ PicpE 1 qq; with the above choice one then sees that PicpXq is of rank 1 and the cokernel is torsion free.
Remark 4.2. Given an α as above of order n, we do not know what is the smallest integer m so that α comes from a P GLpmq torsor on X.
Applications
Proposition 5.1. Let C be a projective curve over an algebraically closed field k, and G a semisimple simply connected group. The moduli stack Bun G pCq of principal G-bundles on C is connected (it is well known to be smooth, see, e.g., [Wan] ).
Proof. The proof of Proposition 5 in [DS95] generalises easily (using Theorem 1.2) with one small change in detail. Let B be a Borel subgroup of G, and H Ă B a maximal torus. Let Bun G , Bun H and Bun B denote the corresponding stacks of bundles on C. π 0 pBun B q surjects onto π 0 pBun G q (by Theorem 1.2), and π 0 pBun H q is in bijection with π 0 pBun B q (as in [DS95] ). Therefore it suffices to connect the image of a H-bundle in Bun G to the trivial G-bundle. To do this we need to show (since coroots generate cocharacters) that if we twist a H-bundle by a cocharacter, the image of the H-bundle (in Bun G ) stays in the same connected component. This follows from Proposition 3.2 (see Section 3.2.2).
Assume for the rest of this section that C is a reduced projective curve over k " C. Let p 1 , . . . , p n be smooth points of C such that C " C´tp 1 , . . . , p n u is affine. Choose local uniformizing parameters at the points p i .
Consider the k-groups L C G , L G and LG which assign to a k-algebra R, the groups GpΓpC, Oq b Rq, GpRppzand GpRrrzssq respectively. L G is an ind-scheme, and LG is an affine scheme
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There is an embedding L C G Ñ pL G q n , and L C G inherits a ind-scheme structure from pL G q n . As a corollary of Theorem 1.5, we obtain the following generalization of the uniformization theorem [BL94, BL95, LS97, DS95] for singular curves: Let Q G " L G {LG be the affine Grassmannian.
Proposition 5.2. Suppose G is semisimple (possibly not simply connected). There is an isomorphism of stacks
The morphism is constructed using [BL95] (note that p 1 , . . . , p n are smooth points of C). That it is an isomorphism follows from Theorem 1.4.
The following is a generalization of a result of Laszlo and Sorger [LS97, Proposition 5.1]:
Proposition 5.3. Assume that G is simple and simply connected. The k-group L C G is integral as an ind-scheme, i.e., can be written as a limit of an increasing sequence of integral schemes.
Proof. Following the proof of [LS97] (and Theorem 1.4), we see that pQ G q n Ñ Bun G pCq is locally (in thé etale topology) a fiber bundle with fiber L C G . This shows that L C G is reduced. Connected ind-groups are irreducible by a theorem of Shafarevich [Sha81] , therefore, it suffices (exactly as in [LS97] ) to show that L C G is connected.
We follow the proof in [LS97] of the connectedness of L C G when C is smooth (attributed there to Drinfeld). Let C 1 " C´tpu where p is a smooth point. Then, using Theorem 1.4,
An ind-scheme in this paper is a k-space of the form lim Ý Ñ Yn, indexed by natural numbers, such that Yn Ď Yn`1 are closed subschemes.
exactly as in [LS97] and one obtains that the (sets of) connected components of L C G and L C 1 G are in bijection. Therefore removing any finite number of smooth points of C does not change the number of connected components of L C G . Let g P L C G pkq. Let Z be the set of singularities of C, and K Z the semilocal ring at Z: These are rational functions on C which are regular at points of Z. Now g gives rise to a point in GpK T q. It is known by the works [IM65, Ste73] (also see the recent article [SSV12] ), that GpK Z q is generated by U`pK Z q and U´pK Z q, where δ˘: A m k " Ñ U˘are the unipotent radicals of a Borel B`and an opposite B´. Therefore we have maps
. . , s so that g " δ˘u 1 . . . δ˘u s and C 2 " C´tq 1 , . . . , q m u where q i are smooth points of C. Since the sets of connected components of L C G and L C 2 G are in bijection, we just need to connect g and 1 in L C 2 G : For this it suffices to consider the map A 1 k Ñ L C 2 G given by pt, xq Þ Ñ δ˘ptu 1 pxqq . . . δ˘ptu s pxqq.
Conformal blocks and generalized theta functions
Let M g,n be the moduli stack parameterizing stable n-pointed curves pC; pq " pC, p 1 , . . . , p n q of genus g. In this section k " C.
6.1. Conformal blocks. Let G be a simple, connected, simply connected complex algebraic group with Lie algebra g, B a Borel subgroup of G and H Ă B a maximal torus. For an integer (called the level) ℓ ě 0, let P ℓ pgq denote the set of dominant integral weights λ with pλ, θq ď ℓ, where θ is the highest root, and p , q is the Killing form, normalized so that pθ, θq " 2. Letĝ be the Kac-Moody central extension of g (see e.g., [Sor96] ). For a dominant integral weight λ in P ℓ pgq, let H λ,ℓ denote the corresponding irreducible representation ofĝ. Note that V λ Ď H λ,ℓ where V λ is the corresponding irreducible representation of g.
Consider an n-tuple λ " pλ 1 , . . . , λ n q of elements in P ℓ pgq. Corresponding to this data, there are vector bundles of conformal blocks V " V g, λ,ℓ on the moduli stacks M g,n of stable n-pointed curves of arbitrary genus g [TUY89, Fak12] (we will suppress the genus g in the notation of conformal block bundles). The fiber of V over pC, p 1 , . . . , p n q P M g,n is a finite dimensional quotient (after choosing local coordinates at p i ) of the form b n i"1 H λ i ,ℓ {g b ΓpC´tp 1 , . . . , p n q, Oqb n i"1 H λ i ,ℓ where g b ΓpC´tp 1 , . . . , p n q, Oq acts on b n i"1 H λ i ,ℓ via an embedding into ' n i"1ĝ (see [TUY89] ). 6.2. Moduli stacks of parabolic bundles. Definition 6.1. Consider an n-pointed reduced projective curve pC; pq " pC, p 1 , . . . , p n q, where p 1 , . . . , p n are distinct smooth points of C. Let Parbun G pC; pq " Parbun G pC, p 1 , . . . , p n q denote the moduli stack parameterizing tuples pE, τ 1 , . . . , τ n q where E is a principal G-bundle on C, and τ i P E p i {B, i " 1, . . . , n.
Performing this construction in families of stable n-pointed curves we obtain stacks Parbun G,g,n (in the fppf topology) with morphisms π : Parbun G,g,n Ñ M g,n such that π´1pC; pq " Parbun G pC; pq. Since Parbun G,g,n Ñ Parbun G,g,0 " Bun G,g is a representable morphism with smooth fibers, and Bun G,g is an Artin stack smooth over M g,n (see e.g., [Wan] ), it follows that Parbun G,g,n is also an an Artin stack smooth over M g,n .
Our aim in this section is to construct a line bundle L " L g, λ,ℓ on Parbun G,g,n , and to construct an isomorphism
In fact, we will construct such line bundles and isomorphisms (compatibly with pull backs) for arbitrary families of stable n-pointed curves. Over M g,1 and λ 1 " 0, such line bundles and isomorphisms were given by Laszlo [Las98, Section 5], building upon the case of a single curve by many authors. Sorger's construction [Sor99] of the line bundle via the theory of conformal blocks plays an important role in Laszlo's construction. Our approach to (6.1) generalizes Laszlo's work [Las98] .
Remark 6.2. The functor π˚is constructed using [LaMB00, Page 108] and [Ols07] .
6.3. Construction of the line bundle. Fix a family of stable n-pointed curves C Ñ S with the pointed sections denoted by σ i : S Ñ C. Localizing in theétale topology on S, we will make a further choice of disjoint sections τ 1 , . . . , τ m disjoint from σ 1 , . . . , σ n such that ‚ C 1 " C´Y m i"1 τ i pSq´Y n j"1 σ j is affine over S, ‚ The pointed curves in the family have no automorphisms. We will construct a line bundle L on Parbun S " pParbun G,g,n q S the stack of parabolic bundles over C Ñ S, and show that the line bundle is independent (with canonical isomorphisms) of the choice of the extra sections τ 1 , . . . , τ m , allowing us (by descent) to define a line bundle without assuming the existence of such sections τ 1 , . . . , τ m . Set σ n`a " τ a for a " 1, . . . , m.
Assume first that S is the spectrum of a ring R. For an R-algebra A, let C A " CˆR SpecpAq and C 1 A " C 1ˆR SpecpAq. We have an R-group L G C 1 (see [BL94, Dri06] ) which assigns to every R-algebra A, the group L
A , Gq We also have ind-schemes I Ď LG over S, whose A-points are defined as follows: Let σ A 1 , . . . , σ A n`m be sections of C A Ñ SpecpAq obtained by base change. Let p C A be the completion of C A Ñ SpecpAq along the union of these sections, and p C 1 A , the complement of the union of the induced sections of p C A Ñ SpecpAq.
‚
LGpAq " GpΓp p C 1 A , Oqq, ‚ The Iwahori group IpAq is defined to be subgroup of elements of GpΓp p C A , Oqq, which map to points of BpAq n`m under the natural map GpΓp p C A , Oqq Ñ GpAq n . If local coordinates z i are chosen along σ i , we may identify LGpAq, and IpAq with ś n`m i"1 GpAppz iand ś n`m i"1 IpAq where IpAq is the inverse image of BpAq under the morphism GpArrzssq Ñ G. Proposition 6.3. The R-group L G C 1 is (relatively) ind-affine, formally smooth with connected integral geometric fibers over S " SpecpRq.
Proof. We first claim that the coordinate ring of C 1 is a direct limit of (Zariski) locally free R-modules
It suffices to prove this claim in the universal case where we have a flat family of pointed curves over an integral variety (since the family consists of rigid pointed curves). In this case the coordinate ring of C 1 can be filtered by order of pole along the total boundary divisor (which is ample), and then standard cohomology and base change arguments give the desired direct limit (we could instead have used a theorem of Lazard that flat modules over any ring are filtered limits of finitely generated projective modules).
The argument for the case of a field (which embeds G into a general linear group) generalizes, to give the ind-affine property: The matrix coefficients of the R-points of L G C 1 in the embedding in a general linear group are filtered by the filtration of the coordinate ring. The equations defining G in the general linear group now give the desired ind-affine structure.
For formal smoothness we need to show that L G C 1 pA{Iq Ñ L G C 1 pAq is surjective whenever A is an Ralgebra with a nilpotent ideal I. Pick φ :
A is a morphism SpecpB 1 q Ñ SpecpBq with B 1 " B{J with J Ă B nilpotent. Since G is a smooth scheme over the base field, the desired surjection follows.
The assertion on integrality of geometric fibers follows from Proposition 5.3.
Central extensions. Using results of Faltings ([BL94, Lemma 8.3], also [LS97]),
LG has a projective representation (this construction is coordinate independent) on
lifting a natural representation of affine Kac-Moody algebras in the following sense: Suppose A is an R-algebra, hence a k-algebra, and γ P LGpAq. Then locally (in the Zariski topology) on SpecpAq, there is an automorphism u γ of H A " H b R A, unique up to units Rˆ, such that for all α in the A-valued points of the corresponding Kac-Moody Lie algebra (which if local coordinates are chosen is Ac ' ' i g b Appz i qq), the following diagram commutes
This gives rise to a representation
LG Ñ PGLpHq whose derivative coincides with the natural action of the Lie algebra of LG on H (up to scalars).
Let x
LG be the corresponding central extension of LG.
The extension (6.3) splits over I Ď LG because the projective ambiguity disappears over I (the action over the tensor product of highest weight vectors can be normalized, see [Sor00, Lemma 7.3.5]). We require I to act on the tensor product of highest weight vectors via the map to BpAq n`m via the the product of characters λ i : B Ñ G m . Therefore I is a subgroup of x LG. Let I G " Gpkppzqqq{I be the Iwahori Grassmannian. It is known ( [Mat88] , also [KNR94] and [PR08, Proposition 10.1]) that the Picard group of I G is a direct sum Z ' PicpG{Bq where the first factor is generated by line bundles from the affine Grasmannian, and the second factor comes from characters of B. The Z-component of an element of the Picard group will be referred to as the level of the line bundle.
Remark 6.4. The Lie algebra of x
LG is (canonically) isomorphic to the direct sum of affine Lie algebraŝ g modulo the sum of sum of central elements (considered in families, in a coordinate free way), see [Las98, Proposition 4.6].
We remark that x
LG is itself independent of the choice of λ i (at the same level). The main point is that the Iwahori Grassmannian x
LG{
Gˆk S is independent of choice of λ i . To see this note that x
LG is a Mumford group (with given isomorphisms) for all line bundles (trivialized over the identity coset) on LG{I " I n`m G b k S with all components at the given level ℓ (following [LS97, Section 8.3]), lifting the natural action of LG on LG{I.
The following generalizes a result of Sorger [Sor99] :
Lemma 6.5. The extension (6.3) splits over L G C 1 Ď LG Proof. Let V " V g, λ,ℓ be the sheaf of conformal blocks at level ℓ on S associated to the data pλ 1 , . . . , λ n , 0 m q.
Recall that V is a quotient of H. By Remark 6.4, changing λ i at a fixed level ℓ does not change x
LG, therefore we may assume V ‰ 0 (since this is true if λ 1 "¨¨¨" λ n " 0).
The projective representation of L G C 1 on H passes to a projective representation on V :
A , Oq and take γ P L G C 1 pAq, and α P g b ΓpC 1 A , Oq " LiepL G C 1 qpAq in the diagram (6.2). The derivative of the projective representation of L G C 1 on V is zero. This is because the map LG Ñ PGLpHq has derivative which is up to scalars given by the natural action of the affine Kac-Moody algebra on H. The induced morphism L G C 1 Ñ PGLpVq is therefore trivial (Proposition 6.12). This allows us to fix the projective ambiguity in the action of L G C 1 on H so that the corresponding action on V is actually trivial.
6.5. Line bundles. Set p I " IˆG m . The character p I " IˆG m Ñ G m given by inverse on G m and inverse of product of characters λ i (and 0 m ) on I, produces a line bundle on the quotient stack r Q " x LG{ p I " LG{I.
It is easy to see that r Q is a fiber bundle over a pn`mq-fold product of the affine Grassmannian Q Gˆk S (with fibers G{Bq n`m ): In particular, it is a formally smooth ind-scheme over S.
Generalizing Proposition 5.2, we have Proposition 6.6. The stack quotient L G C 1 z r Q is the pull back of the stack Parbun G,g,n`m to S.
The proof again uses [BL95] and Theorem 1.4. In particular, we obtain a line bundle L on the pull back of Parbun G,g,n`m to S.
We can also identify r Q with an pn`mq-fold product of the Iwahori Grassmannian, and the line bundle L pulls back to the line bundle corresponding to λ i at level ℓ on this Iwahori Grassmannian. This leads to (by work of S. Kumar [Kum87] , and Mathieu [Mat88] )
In particular, we get using Propositions 5.3,6.6, and 6.11 (and equations (6.4), and (6.5)) that
Remark 6.7. The line bundles obtained above on r Q are trivialized along the identity coset. Similarly, the line bundle on Parbun G,g,n`m is trivialized along the trivial section of Parbun G,g,n`m over S. Such rigidifications fix the line bundle up to canonical isomorphisms.
Adding one more section τ (after further affineétale localization S 1 of S) leads to a line bundle L 1 on Parbun G,g,n`m`1 . It it is easy to see (using propagation of vacua isomorphisms) that the pull back of L 1 to L G C 1 z r Q (pulled up to S 1 ) is identified canonically with L.
6.6. Proof of Theorem 1.7. We now use a descent technique from [Fak12] (see the discussion following Proposition 2.1 in [Fak12] ) to show the independence of L from the choice of sections τ 1 , . . . , τ m . Suppose we are given two sets of the τ 's, say τ 1 , . . . , τ m and τ 1 1 , . . . , τ 1 m 1 . Add a further large collection of sections σ 1 , . . . , σ s to each of these sets disjoint from the earlier sections (afterétale localization in S). We have isomorphisms of the L coming from τ 1 , . . . , τ m with that coming from τ 1 , . . . , τ m , σ 1 , . . . , σ s , which is in turn canonically isomorphic to to the line bundle coming from σ 1 , . . . , σ s , and similarly for τ 1 1 , . . . , τ 1 m 1 . This gives the patching data (the cocycle condition is easy to check).
Therefore, there exists (by descent) a line bundle L on the stack Parbun G,g,n . It is now easy to see that the desired isomorphism (6.1) holds. This completes the proof of Theorem 1.7.
It also follows that the line bundle L can be defined for arbitrary bases S. To prove the isomorphism (6.1) over a base, we may localise and assume S to be affine, and apply (6.6) when S is finite type over k (the finite type requirement comes from Proposition (6.11)) .
Remark 6.8. We may show that (6.6) holds for arbitrary affine S (not necessarily of finite type over k) as follows. The implication (a) implies (b) in Proposition (6.11) works for arbitrary affine S snd hence there is an injective map (6.6) for arbitrary S. For the surjection, we can assume since the sheaves of covacua V˚are locally free of finite rank (and commute with base change), that there is an R-basis of the sheaf of vacua coming from a family over a finitely generated base. Therefore any particular element of V˚is a the pull back from an affine scheme S 1 of finite type over k via a map S Ñ S 1 . We can now apply the isomorphism (6.6) for S 1 and the pull back map pParbun G,g,n`m q S Ñ pParbun G,g,n`m q S 1 to conclude that (6.6) is surjective for all schemes S over k.
6.7. Explicit description of the line bundles L on Parbun G,g,n . Let V be an irreducible representation of G with Dynkin index d V (see [KNR94] ). Consider the line bundle L 1 on Parbun G,g,n`m which over a marked curve pC, pq and point pE, τ 1 , . . . , τ n q P Parbun G pC; pq equals the tensor product of ‚ The line`detpH˚pC, EˆG Vb detpH˚pC, V b Oqq´1˘ℓ. Here detpH˚pC, Wfor a coherent sheaf W on C is the line (6.7)
The lines (for i " 1, . . . , n) obtained as fibers of E p iˆB C´λ i Ñ E p i {B over the given elements τ i . It is easy to see (using Remark 6.7, and Lemma 7.2) that L 1 equals the line bundle L on Parbun G,g,n`m associated to the data λ but at level ℓd V . Therefore Theorem 1.7 as a special case gives Theorem 6.9. π˚L 1 " Vg , λ,ℓd V Similar to Theorem 1.7, the version for arbitrary families of n-pointed curves also holds. When G is a special linear or symplectic group, and V is the standard representation, d V " 1. The standard (vector) representation for Spin groups has d V " 2, and therefore odd levels are not covered by Theorem 6.9 (but covered by Theorem 1.7).
The theory of Pfaffian line bundles [LS97] for spin groups and fixed smooth curves to cover odd levels seems to run into difficulties for singular curves for degree reasons: the degree of the dualizing sheaf of a reducible curve may be odd on irreducible components.
6.8. Generalities on ind-group actions. Let S " Spec R and suppose Γ is an ind-group over S acting on an ind-scheme Q over S. Let L be a Γ-linearized line bundle on Q. In this setting LiepΓqpRq " kerpΓpRrǫs{ǫ 2 q Ñ ΓpRqq acts on H 0 pQ, Lq (note that since R 1 " Rrǫs{pǫ 2 q is a free R-algebra,
We will make the following assumptions in this section ‚ Assume that Γ and Q are inductive limits of schemes of finite type over S, and that S is a scheme of finite type over k " C. In addition assume that Γ is ind-affine and formally smooth over S with integral geometric fibers, Proof. The proof in [BL94] carries over easily to give that (a) implies (b). For the reverse direction we adapt the arguments of [BL94] as follows. Let m : ΓˆS Q Ñ Q be the group action and pr 2 : ΓˆS Q Ñ Q the projection. We also have a given isomorphism φ : m˚L Ñ pr2 L. Let σ " φpm˚sq´pr2 s. Assume (b); to prove (a) we need to show that σ " 0.
Suppose σ ‰ 0. Write Γ and Q as ind-schemes over S:
Here M, N vary over the natural numbers, and Γ pN q , Q pM q are schemes of finite type over S.
Assume that σ is non-zero on Γ pN 0 qˆS Q pM 0 q . Base changing to T " Q pM 0 q we have an ind-scheme
T . The restriction of σ to Γ T is clearly non-zero. Let x P Γ pN 0 q T be a closed point of Γ T such that σ is non-zero in the stalk at x in Γ pN 0 q T . Let y P T be the image. For every positive integer u we can form the base change diagram (6.8)
Let u ě 0 be the smallest integer so that the image of σ is non-zero in Γ TˆT T u`1 (since σ restricted to some Γ pN q T is non-zero, such a u exists). Now there is a map
We claim that this map is injective and σ is in the image. The local situation is the following:
(1) Set T u`1 " SpecpAq where pA, mq is a local ring and m u`1 " 0, k " A{m (and A is a k-algebra).
(2) Write Γ A as an inductive limit of SpecpB j q, set B " lim Ð Ý B j where B j are A-algebras. Our aim is then to show that ‚ We can write f uniquely as f " ř r i"1 a i g i where g i P lim Ð Ý B j {mB j . We can find such lifts g i at the level of each B j , non uniquely. The ambiguity is the module of relations
Therefore there are exact sequences
It suffices now to show (using Mittag-Leffler properties, see e.g., [Har77, Proposition II.9.1]) that for any j, there is a n ą j such that M n Ñ M j is the zero map. This will also lead to an isomorphism (recall that m u`1 " 0)
First we show that there is an ℓ ą j such that any nilpotent element in B ℓ {mB ℓ goes to to 0 in B j {mB j . This is because the closed fiber of Γ A is the limit of an inductive system Y c of reduced varieties. Therefore, there exists ℓ ą j so that we have a factoring SpecpB j {mB j q Ñ Y c Ñ SpecpB ℓ {mB ℓ q. Any nilpotent element in B ℓ {mB ℓ must vanish on Y c so goes to 0 in B j {mB j .
Fix such an ℓ and let Z ℓ " SpecpB ℓ {mB ℓ q. The scheme Z ℓˆk SpecpAq has a map to Γ (over SpecpAqq lifting the map of Z ℓ to the closed fiber of Γ A (using formal smoothness). Pick n such that Z ℓˆk SpecpAq Ñ Γ factors through SpecpB n q. This n "works": given an equation ř a i h i " 0 P m u B n with h i P B n {mB n , we can restrict to the sections of SpecpB n q Ñ SpecpAq coming from the map Z ℓˆk SpecpAq Ñ SpecpB n q. Since a 1 , . . . , a r are k-linearly independent, h i vanish at all points in the image of Z ℓ 5 , (i.e., give a nilpotent function on Z ℓ ), and hence map to 0 P B j {mB j as desired.
Therefore we get a non-zerō
T,y .
5 Write hi as a sum of a constant and a function which vanishes at a given point of the closed fiber to facilitate pull back to SpecpAq via sections.
(We define m 0 T,y to be the local ring of T at y.) Nowσ is a section of the trivial vector bundle on pΓ T q y with fibers V and it suffices to show thatσ is constant (i.e., given by an element of V ): The constant has to be zero since σ is zero when pulled back via the identity section Q Ñ ΓˆS Q.
Let A " O T,y {m u`1 T,y . Assume thatσ is not zero on the integral ind-scheme pΓ T q y . Write V " k r for some r. Then there is a tangent vector X : Specpkrǫs{pǫ 2Ñ pΓ T q y which does not kill one of the r components ofσ. Since Γ T is formally smooth over T , we can extend X to a tangent X A : SpecpArǫs{ǫ 2 q Ñ Γ T over T . Now X A gives rise to a map Y A : SpecpAq Ñ Γ T obtained as a composite
Set X 1 A to be the composite SpecpArǫs{ǫ 2 q Ñ SpecpAq
We have a tautologous A-point p of Q A . Let q denote the point p translated by Y A . Consider the two elements in L p b A Arǫs{pǫ 2 q obtained by pulling back σ under X A and X 1 A respectively. By our assumption, the difference ǫ∆ of these elements is non-zero. We therefore get a non-zero element ∆ P L p .
Set α " X A˝p X 1 A q´1 P LiepΓqpAq and we obtain ασ A P H 0 pQ A , L A q. It is easy to see that ∆ P L p agrees with the value of ασ A at q (an element of L q ) under the isomorphism of A-modules L q " Ñ L q given by X 1 A . Since by assumption (b) ασ A " 0 and ∆ ‰ 0, we reach a contradiction.
Proposition 6.12. Suppose Γ Ñ S " SpecpRq has integral fibers, where S is a scheme of finite type over k " C. Let φ : Γ Ñ AutpV q where V is a finite dimensional vector bundle over S, be a map of R-groups. Assume that for every R-algebra A, LiepΓqpAq " ker ΓpArǫs{ǫ 2 q Ñ ΓpAq maps to 0 P EndpV q b R A under φ. Then φ is the trivial morphism.
Proof. We may assume by passing to an affine cover of S that V is trivial. Assume now that φ is not trivial, and let y P S and u ě 0 be such that the image of φ is not the identity in ΓˆS S u`1 , where S u`1 " Spec O S,y {m u`1 y , with u the smallest possible. Base changing the picture to S u , we get a matrix of functions pf a,b q on Γ. Therefore pf a,b q differs from the identity matrix by a matrix G " pg ab q with g a,b P m u B j for every j, where we have expressed Γ S u`1 as lim Ð Ý B j . The matrix G can be lifted to a matrix with coefficients in lim Ð Ý m u b k B j {mB j (as before, see (6.9)), and our aim is to show that elements of lim Ð Ý B j {mB j coming from matrix coefficients (after choosing a basis of m u ) have zero derivatives. The rest of the proof is similar to that of Proposition 6.11, using the group action to move sections of Γ to the identity section.
Picard Groups
Fix an n pointed-curve pC; pq with arbitrary singularities. Let m be the number of irreducible components of C. Choose smooth points q 1 , . . . , q m P C distinct from p 1 , . . . , p n , and local uniformizing parameters at the points p 1 , . . . , p n .
We have a morphism of stacks Q m Gˆp G{Bq n Ñ Parbun G pC; pq, which by Proposition 5.2 induces an isomorphism L C´tq 1 ,...,qmu pGqzQ m Gˆp G{Bq n Ñ Parbun G pC; pq.
Recall that Pic Q G " Z. Gˆp G{Bq n . This shows that the morphism in (7.1) is injective.
To show the surjectivity, we use the line bundles of form E Þ Ñ E p iˆB C where B acts on C via a character χ to produce line bundles of the form p0 m , 0, . . . , χ i , . . . , 0q with χ in the ith place. This takes care of all the G{B contributions. For the remaining contributions we use diagrams induced by restricting bundles to irreducible components. If q j is on the irreducible component C j , consider
where the horizontal map on top is projection to the jth factor of Q m G , and r C j the normalization of C j . Here we use the fact that the uniformization map Q G Ñ Bun G p r C j q corresponding to p r C j , q j q is an isomorphism on Picard groups by [Las98, Sor99] .
Let G Ñ SLpV q be an irreducible representation of G. Associated to V there is a notion of a Dynkin index d V (cf. [KNR94] ): It has the following property. If p is smooth point (with local coordinates) on a smooth projective curve C, the associated morphism Q G Ñ Bun G pCq pulls back the determinant of cohomology line bundle detpH˚pC, EˆP V(see (6.7)) on Bun G pCq to d V times the positive generator Op1q of the Picard group of Q G (see [LS97] ).
Lemma 7.2. Suppose y 1 , . . . , y m be distinct smooth points on a possibly singular projective curve C. The corresponding map (after choosing local coordinates at the points p i ) Q m G Ñ Bun G pCq pulls back the determinant of cohomology bundle detpH˚pC, EˆP Vto b m i"1 Opd V q. Proof. Since the Picard group of Q G is Z, it follows that any line bundle on Q m G is of the form b m i"1 Opa i q. It suffices to therefore assume m " 1. Let π : r C Ñ C be the normalization of C, and we have maps
Cq. The statement then comes down to verifying that detpH˚p r C, π˚EˆP V" detpH˚pC, EˆP Vfor any principal bundle E on C canonically (Note that Q G Ñ Bun G p r Cq produces G bundles on r C which are trivial on connected components of r C other than the one mapped to by y 1 , so we may assume r C is connected.) We show that if W is a vector bundle with trivial determinant on C, then detpH˚pC, π˚π˚W" detpH˚pC, W qq. Let M " π˚O{O. We are reduced to showing that detpH˚pC, M b Wis trivial. But M is torsion on C and can be filtered so that the graded quotients are (directs sums) of the form i˚k where i is the inclusion of a closed point in C. The case M " i˚k is immediate since W has trivial determinant. 
